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Abstract 
The subject of is paper is a concept of memory in hysteretic systems. The authors take a critical stand on the analysis of this term 
in Setterfield (2008) and they suggest amendments to the existing approach. This paper detects two deficiencies in Setterfield’s 
approach. The first deficiency is a complete absence of reflection of a distinction between direct shocks and indirect shocks, an 
idea inspired by Amable (1993, 1994), which results in the misleading practice of ordering the memory types of unit-root systems 
and “true” hysteretic systems on one classificatory scale. The second deficiency of Setterfield’s treatment consists in missing 
distinguishing of the cases when shocks are applied in only one direction from the cases when the direction of shocks gets reversed 
exogenously. The presented paper combines both aspects (shock typology, direction of shocks) to analyze the notion of memory 
in separate groups. The authors apply a two-criterion approach resulting in detection of three groups of Katzner-type memory, 
based on Katzner (1993), and three groups of Cross-type memory, drawing upon Cross (1994). The authors point out that in spite 
of a common ground of the Cross-type memory phenomenon and (ir)reversibility phenomenon, both analytical groups are based 
on fundamentally different criteria: (non-)identity of the path before and after the un-shock in the former case, (non-)identity of the 
initial and final short-run and long-run equilibrium value of the output variable in the latter case. 
© 2015 The Authors. Published by Elsevier B.V. 
Peer-review under responsibility of IISES-International Institute for Social and Economics Sciences. 
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1. Introduction 
Post-Keynesian research program has paid attention to disequilibrium concepts for many decades (Kaldor, 1934; 
1972). A significant effort in this regard is focused on development of analytical approaches to the phenomenon of 
hysteresis. Questioning of a neoclassical paradigm of the traditional equilibrium (Setterfield, 1997) implies an 
increased interest in the role of history in economic analysis. Can exogenous shocks have any impact on the long-run 
equilibrium? Are exogenous shocks to economic systems reversible, do they have a long-lasting irreversible character 
© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license 
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
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or are they completely irrevocable? Such questions have been asked and alternative paradigm based on path-
dependence and the principle that “history matters” has been being developed. Along with the intensified attention to 
the role of history in economic analysis, the notion of memory as a feature of a system has become a focal point to 
some degree.  
In this paper, we are going to take a critical stand on the concept of system memory in Setterfield 2008. At one 
place, Setterfield (2008, p. 43) says: “Unlike unit/zero models, in which outcomes are sensitive to all [original italics] 
past events [...] outcomes in models of ‘true’ hysteresis depend on only some [original italics] past events. In other 
words, ‘true’ hysteretic systems have selective rather than complete [original italics] memories.“ So, unit/zero-root 
models have complete memories and “truly” hysteretic models have selective memories. At a different place, though, 
Setterfield (2008, p. 35) claims: “[...] The initial outcome will be restored leaving no trace of the historical adjustment 
path of the system. Unit and zero root systems can thus be said to display ‘super reversibility’.” This is the very 
opposite to the previous, though. On the following pages, we will present our arguments that Setterfield’s notion of 
system memory suffers by two fundamental deficiencies. The first deficiency results from a complete absence of 
distinction between direct shocks in dynamic systems on the one hand and indirect shocks in static systems on the 
other hand. The second deficiency consists in mixing up two different meanings of the notion of memory.  
2. Hysteretic Systems 
A proper definition of hysteresis has been a subject of long disputes and it is definitely not easy to reach an 
agreement for the scholars on what hysteresis actually is (Amable, 1993, pp. 123-124). Nonetheless, however divergent 
the particular concepts of hysteresis are from each other, many authors come to the general conclusion which states 
that hysteresis arises when “the removal of a temporary change imposed on a system does not restore the variables 
determined by the system to their original values” (Katzner, 1993, p. 324). The most frequently discussed concepts of 
hysteresis are the unit/zero-root approach, the “true” hysteretic models of “weak” and “strong” hysteresis and a theory 
of hysteresis of Mark Setterfield. 
An overview of hysteretic models was presented elsewhere (Chytil, Maslo, 2014, pp. 156-159). For a unit-root 
model, see e. g. Setterfield (1993, pp. 348-349), for a zero-root model e. g. Setterfield (2008, pp. 30-33). A very 
discussed model of hysteresis among economists is so called “true” hysteresis. Setterfield uses the term “true” 
hysteresis for this hysteretic concept (Setterfield, 2008)*, Göcke prefers the term “genuine” hysteresis (Göcke, 1999, 
2002) and many authors do not use any common adjective for this kind of hysteris (Cross, 1994; Katzner, 1993; Franz, 
1990), only referring to hysteresis loop (Cross, 1994; Katzner, 1993; Franz, 1990) or, specifically, either strong or 
weak hysteresis (Amable, 1993, 1994). An example of a weak-hysteretic model of “true” hysteresis is a so called non-
ideal relay (e. g. Göcke, 1999, pp. 2-3; 2002, pp. 170-171; Amable, 1993, p. 125). The other group of “true” hysteretic 
models is called strong hysteresis and its distinctive features can be deduced from weak hysteretic systems by 
application of infinitesimal aggregation effects. See e. g. Amable (1993, p. 126; 1994, pp. 44-45), Cross (1994), Göcke 
(1999, pp. 8-10; 2002, pp. 175-178). An original approach to the notion of hysteresis is presented by the concept of 
Mark Setterfield (1998, 2008). Setterfield redefines hysteresis in terms of two phenomena he calls deep endogeneity 
and adjustement asymmetries (Setterfield, 2008, pp. 21-22).   
3. Shock Typology 
The identification of the first deficiency of the notion of system memory in Setterfield (2008) draws upon the crucial 
distinction of two kinds of shocks indicated by Amable (1993, pp. 128-129; 1994, pp. 45-46) and further developed in 
Chytil, Maslo (2014, pp. 161-162). Let us suppose a following system 
 
 
 
* In Setterfield (2008), the use of the quotation marks really indicates the fact that Setterfield does not regard the 
“true” hysteretic models as cases of true hysteresis. 
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.XX 1-tt tHD   (1) 
 
This system is dynamic and the source of its endogenous dynamics (Chytil, Maslo, 2014, p. 167) is the coefficient 
α, provided |α| ≠ 1 and |α| ≠ 0. We refer to X as the output variable, α as an exogenously given parameter and ε is an 
exogenously given shock. Since the shock ε affects the output variable directly, we suggest (Chytil, Maslo, 2014, p. 
161) to call it a direct shock. A shock which has the same value but the opposite sign to the initial direct shock, i. e. (-
ε), is called a direct counter-shock. Let us suppose a different system now: 
 
.PQ ba   (2) 
 
This kind of a system will be referred to as static, whereby P denotes here the so called input variable, Q is the 
output variable, a and b are exogenously given parameters. Chytil, Maslo (2014, pp. 161-162) suggest to call a shock 
to the input variable P an untrue indirect shock (does not change the parametric structure of the system) and a shock 
to the parameters a or b then true indirect shocks (they change the parametric structure of the system). If an (untrue) 
indirect shock is followed by a same-value-opposite-sign shock, this shock is called an (untrue) indirect un-shock. In 
case this un-shock is followed by a same-sign shock (in relation to the un-shock) - without further specifying its precise 
value - then this shock is referred to as an (untrue) indirect counter-shock. If this counter-shock is followed by another 
shock whose sign is opposite to and its value same as the counter-shock, then this is called an (untrue) indirect un-
counter-shock.  
 Doing a short reflection of the hysteretic concepts expounded in the preceding section reveals that the “true”-
hysteretic analysis presents static systems affected by untrue indirect shocks while Setterfield’s hysteresis and the 
zero-root hysteresis are characterizing (some) dynamic models affected by direct shocks. As for the unit-root case, one 
may easily prove that this system cannot be counted among dynamic systems because the unit value of the coefficient 
α eliminates endogenous dynamics in the system, effectually. However, referring to unit-root hysteretic system as a 
static one would - with respect to the above presented definition - be confusing and misleading. Let us remind that 
there is not input variable as such in a unit-root model. Besides, the shock ε in a unit-root model is a direct shock, 
unlike any shock in a static system presented above. For these reasons, we are going to count the unit-root systems in 
one group with dynamic systems, however arguable and questionable it may be, no doubt.  
The problem with the terminology in Setterfield (2008) is that this crucial distinction between direct shocks to 
dynamic systems, on the one hand, and indirect shocks to static systems, on the other hand, is completely neglected. 
This gives rise to some severe inconsistencies and misleading conclusions such as 1) the erroneous analogy between 
irreversibility in dynamic systems with direct shocks, on the one hand, and irreversibility in static systems with untrue 
indirect shocks, on the other hand (Setterfield, 2008, p. 47), 2) contradictory usage of the terms “the symmetry of a 
transitory shock” and “the symmetry of a shock/counter-shock sequence”  (Setterfield, 2008, p. 42 vs. p. 35), 3) 
identifying irreversibility of “true” hysteretic systems with remanence (Setterfield, 1996, pp. 143-144; 2008, p. 38, 
40).†  
In the introduction, we presented characterizations in Setterfield (2008, p. 43) of memory of unit/zero model as 
complete, unlike the selective nature of memory of “true” hysteretic systems. With respect to the shock typology and 
system typology suggested above, the question should be asked whether ordering the memory types of so 
fundamentally different respective systems on one common scale could pose a not-insignificant risk that this is equal 
to “comparing two fractions which do not have a common denominator”.  
 
 
† For a more thorough discussion of terminological inconsistencies in Setterfield (2008), see Chytil, Maslo (2014, 
pp. 160-161).  
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4. The Memory Types 
A half of the memory problem in Setterfield (2008) results from not distinguishing static systems from dynamic 
systems and indirect shocks from direct shocks. The other half goes down to neglecting two different meanings of the 
term memory and the following confusion thereof. Let us start with the latter one.  
4.1. Katzner-Type Memory 
The first meaning of the term memory is indicated in Katzner: “ If hysteresis were characterized, as suggested 
earlier, as a situation in which the removal of each shock εn [italics added, Z. C., L. M.] in the period immediately after 
it is introduced, a phenomenon that occurs for all shocks εn as described in [the equation 
¦
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], does not restore the variable xt  to its original value [italics added, Z. C., L. M.], then equation  
[xt = αxt-1 + εt] would exhibit hysteresis for all values of α. For, given n^, setting εn = 0 where n ≠ n^ in [the equation 
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], xt = αtx0 + αt-n^ εn^  for all t ≥ n^. [...] Hysteresis is present in [xt = αxt-1 + εt] for all 
(nonzero) α because the past history of shocks influences xt for all (nonzero) α, that is, the concept of hysteresis is 
synonymous with the general idea that traces of the past [italics added, Z. C., L. M.] color the present.“ (Katzner, 
1993, pp. 330-331). It needs to be mentioned, at this moment, that a removal of a shock must not be misinterpreted as 
a counter-shock (-ε), i. e. as an application of a shock with the same value as the initial shock but of the opposite sign! 
This would be a correct inference in case of a static system affected by untrue indirect shock but this is a different 
case. This is a dynamic system with direct shocks which implies that the mere presence of a non-zero value of ε in the 
period t is a shock and this shock disappears in the following period on account of the mere flow of time (Chytil, 
Maslo, 2014, p. 161). In this sense, even the unit-root systems are dynamic - the time is flowing in a unit-root system. 
In a static system, in contrast, it is the change in a value of the input variable which is a shock and this shock can only 
be removed by application of an un-shock since the time is not flowing in static systems, by definition. In a sense of 
presence of path-dependence, the notion of memory - and a definition of hysteresis base upon it - is rather tricky, 
according to Katzner, since, assuming that α =1, a system memory perceived like this can be eliminated almost always 
by sufficient number of derivations (or differentiations, in discontinuous cases) (Katzner, 1993, s. 334): E. g. in a 
system characterized by a difference equation 
 
xt = αxt-1 +β + εt,   (3) 
 
the solution of which, for α =1, is  
 
¦
 
 
t
1n
n0t t.xx HE
 (4) 
 
The first derivate yields us 
 
∆xt = β + εt,   (5) 
 
and so the change in the value of x is only determined by the constant β and the current shock εt, and so “the effects 
of past shocks, that is, [...] history [of xt], can be removed by taking first differences.” (Katzner, 1993, p. 334).  
Let us compare the concept of system memory as indicated above with a characterization of unit/zero-root models 
in Setterfield (2008, p. 43) by reference to the outcomes of these systems being sensitive to all past events, on account 
of which Setterfield ascribes complete memories to these systems. In contrast, taking first differences of these 
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outcomes may lead to the state of affairs when only some past events affect the current outcomes. Basically, three 
kinds of this Katzner-type memory can be distinguished: 1) “footprint-on-the-Moon memory” is a Katzner-type 
memory defined by the feature that every past shock is preserved in the system. The name expresses the well-known 
fact that, thanks to a complete absence of atmosphere (and life) on the Moon, any imprint into its surface is eternal, 
basically - unless removed intentionally by a counter-shock. This is a memory characterizing unit-root systems where 
the absence of any endogenous dynamics preserves the effects of shocks to the output variable in an unchanged form. 
2) “footprint-in-an-anthill memory” is a Katzner-type memory defined by the feature that every past shock affects the 
output variable in the long run. Unlike the previous case, here, the shock may be partially counterbalanced by a 
successive equilibrium adjustment process. Systems which exhibit this kind of Katzner-memory are e. g. zero-root 
systems, or Setterfield’s hysteresis. 3) “footprint-in-mud memory” is a Katzner-type memory defined by the feature 
that the effects of all past shocks get completely eliminated by the endogenous equilibrium adjustment process of the 
system. In the same way as a footprint in mud disappears in the course of time as the footprint gets filled by the mud 
surrounding it, so do the effects of shocks in systems with this kind of memory. Examples of such systems can be 
traditional-equilibrist systems (systems showing persistence). 
Differently from Setterfield’s notion of complete memory, we have nailed down the term not only in terms of the 
completeness of the shock history which matters to the output but also in terms of the nature of the effects of these 
past shocks to the current output value. According to our conception, unit-root systems and zero-root systems do not 
count to the same memory-group, unlike Setterfield (2008). The reader has probably noticed that our Katzner-type 
memory classification covers only the dynamic systems with direct shocks. The question could be asked, then, to what 
extent our suggested typology is applicable to memory analysis of static systems with indirect shocks, such as the 
weak-hysteretic non-ideal relay model or models of strong hysteresis. For reasons of limited space of this article, we 
will not follow this line, however, let us put forward two comments, at least. 1) Whether all shocks or just some shocks 
matter to the current value of the output variable, is a question which makes sense, regardless of the fact whether we 
talk about direct shocks in dynamic systems or untrue indirect shocks in static systems. 2) However, whether a shock 
is preserved or partially or completely counterbalanced by a successive equilibrium adjustment process, is an irrelevant 
question since the static systems do not show any equilibrium adjustment process, by their nature and by definition.   
  
4.2. Cross-Type Memory and (Ir)reversibility 
Now, the term memory can also be found in a somewhat different meaning from the Katzner conception. Cross 
describes strong-hysteretic systems like this: “[...] the output of such a [strong-hysteretic] system depends on the non-
dominated extremum values of input shocks. [original italics] Here a maximum that is larger then the subsequent local 
maxima is non-dominated [original italics], as is a minimum which is smaller than the subsequent local minima.” 
(Cross, 1994, p. 214). Continuing: “[...] only the non-dominated extremum values [original italics] of the shocks 
experienced matter. Of particular interest here is the erasure of dominated extrema from the memory bank. [...] The 
context used to illustrate this selective memory [italics added, Z. C., L. M.] property was one of switching between 
assets.” (Cross, 1994, pp. 219-220). First of all, Cross is addressing static systems with untrue indirect shocks, not 
dynamic systems with direct shocks. Second, if we recall the meaning of the term shock in the context of all “true” 
hysteretic systems, then we may see that non-dominated extremum refers to an un-shock (see the section 2). Taking a 
look at a scheme of strong-hysteretic processes  
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Fig. 1. “Completely erasable Cross-type memory” (own scheme, Z. C., L. M.) 
it is evident that what Cross talks about when he refers to selective memory of strong-hysteretic system in terms of 
erasure of the dominated extrema is the fact that after the un-shock affects the input variable I, the system is “returning” 
along a path (A-B) different from that (0-A) along which it had “traveled” after the input variable I was affected by 
the original shock. Taking the (non-)identity of the path as the key criterion, we may distinguish three cases of this 
Cross-type memory: 1) “non-erasable Cross-type memory” refers to the case when a static-dynamic systems affected 
by an untrue indirect shock moves along a path identical to the path along which this system moves back after it is 
affected by an un-shock. This systems can remember its way home. An example may be a linear system such as  
.PQ ba   
2) „partially erasable Cross-type memory” refers to a case when a static-dynamic system affected by an untrue 
indirect shock a) moves along a path which is identical to the path along which this system moves back after it is 
affected by an un-shock, as long as the input variable does not cross its (upper or lower) threshold value; b) moves 
along a path which is different from the path along which this system moves back after it is affected by an un-shock, 
as soon as the input variable crosses its (upper or lower) threshold value. An example of such a system is a weak-
hysteretic non-ideal relay model. 3) “completely erasable Cross-type memory” refers to a case when a static-dynamic 
system affected by an untrue indirect shock moves along a path which is different from the path along which this 
system moves back after it is affected by any un-shock. This characterizes strong-hysteretic models since every un-
shock makes the current value of the input variable a threshold value. Strong-hysteretic systems thus suffer from a 
complete memory loss - they don’t remember the way home. If Cross talks about selective memory, in case of strong-
hysteretic systems, by the “selection” he points out the difference between the dominated and non-dominated extrema, 
yet, what he means by it is, in effect, what we call complete memory erasure in this paper.  
The concept of Cross-type memory based on the principle of (non-)identity of the path is inapplicable to dynamic 
systems with direct shocks, obviously, because the notion of a path as it is understood in the context of static systems 
with indirect shocks is not transferable to the realm of dynamic systems. However, the very idea of “remembering my 
way home” could be easily adapted to the conditions of dynamic systems. There is no need for us to develop a new 
concept, though. The concept exists and it is called (ir)reversibility. Setterfield (1995, 1996, 2008) does not distinguish 
the term irreversibility as used in the context of static systems with indirect shocks from this term used in the context 
of dynamic systems with direct shocks, though. With regard to our classification of shocks, we suggested to distinguish 
following types of irreversibility: irreversibility of “true” hysteresis (Chytil, Maslo, 2014, pp. 163-165), quasi-
irreversibility - concerning true indirect shocks in dynamic systems (Chytil, Maslo, 2014, pp. 166-168) and direct 
irreversibility - concerning direct shocks in dynamic systems (Chytil, Maslo, 2014, pp. 169-170).  
 
4.3. Cross-Type Memory and (Ir)reversibility: Comparison 
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The question is now calling for an answer, how the above-mentioned conception of memory in terms of “finding 
my way home” is related to the irreversibility concept of dynamic systems with direct shocks. We said before that the 
key criterion for deciding on presence or absence of memory-erasure in static systems is the (non-)identity of a path. 
This is a problem to implement to dynamic systems, though, since the path (trajectory) in a space input variable-output 
variable, characteristic for static systems, does not have a sufficient equivalent in dynamic systems which do not 
possess input variables in the sense we use the term in the context of dynamic systems. We may even go as far as to 
say that it is the very essence of some dynamic systems that “whenever you leave your home, your home moves”. To 
be able talk about memory erasure, in a sense of “remembering where my home is”, we need to assume that the “home” 
is constant. However, it is in the nature of dynamic systems that the “path” is always time-dependent. Even in the 
context of traditional-equilibrist systems, where the long-run equilibrium value of the output variable is constant and 
it is equal to its short-run equilibrium value, the process of persistence does not imply an identity of the path. The only 
exception is the unit-root case because it lacks a source of any endogenous dynamics and, as a consequence, it does 
not imply any equilibrium adjustment dynamics. That is the reason why it is a bit tricky to subsume this model into 
the group of dynamic models (see above).  
A possible way, which seems sensible to us, to translate the (ir)reversibility characteristics of dynamic systems into 
the memory-erasure language is following: 1) “non-erasable dynamic memory” which is present in systems which 
exhibit super-reversibility, i. e. systems whose long-run equilibrium (and short-run equilibrium) values of the output 
variable are not affected by a sequence of a direct shock and a counter-shock. E. g. systems of traditional equilibrium 
and unit-root systems. 2) “partially erasable dynamic memory” which is present in systems whose long-run equilibrium 
values of the output variable are not affected by a sequence of a direct shock and a counter-shock, while their short-
run equilibrium values of the output variable are affected. An example is zero-root systems. 3) “completely erasable 
dynamic memory” which is present in systems which exhibit direct irreversibility, i. e. systems in which both the long-
run and short-run equilibrium values of the output variables are affected by a sequence of a direct shock and a counter-
shock. In contrast to the memory-erasure concept in the static-system context, where the key criterion is the (non-
)identity of a (static) path, the key criterion of memory-erasure classification in the context of dynamic (and unit-root) 
systems is 1) the (non-)identity of the initial and final short-run equilibrium value of the output variable and 2) the 
(non-)identity of the initial and final long-run equilibrium value of the output variable.    
5. Conclusion 
The subject of our paper is a concept of memory in hysteretic systems. We took a critical stand on the analysis of 
this term in Setterfield (2008). Our aims were to show why Setterfield’s approach is hard to defend and to suggest an 
amended approach which would solve the problems inherent in the existing concept. We detected two main 
deficiencies. The first one is a complete absence of reflection of a distinction between direct shocks and indirect shock, 
such as indicated in Amable (1993, 1994), which resulted in the misleading practice of ordering the memory types of 
unit-root systems and “true” hysteretic systems on one classificatory scale. The second deficiency of Setterfield’s 
treatment consists in missing distinguishing of the cases where shocks are applied in only one direction from the cases 
where the direction of shocks gets reversed exogenously. This omission leads to (apparent) contradictions when 
Setterfield refers to memory of unit/zero-root systems as complete (Setterfield, 2008, p. 35) but, at the same time, 
stresses the erasable character of unit/zero-root systems (Setterfield, 2008, p. 44).  
With regard to the first deficiency, we were analyzing the memory concepts of hysteretic systems with respect to 
the shock typology based on Amable (1993, 1994) as developed in our previous paper (Chytil, Maslo, 2014). With 
regard to the second deficiency, we suggested an approach based on a basic distinction of memory analysis into two 
groups, according to a direction of shocks applied: the memory concept in the context of shocks applied in one direction 
only vs. the memory concept in the context of exogenous reversal in the shock direction. Combination of both aspects 
(shock typology, direction of shocks) resulted in four analytical groups. We drew upon the memory analysis in Katzner 
(1993) in the field of direct shocks applied in one direction in dynamic systems. We called this group Katzner-type 
memory and we identified and defined three cases which we referred to as footprint-on-the-Moon memory, footprint-
in-an-anthill memory and footprint-in-mud-memory, according to the effects of the past shocks to present value of the 
output variable. As for the realm of memory analysis in the context of indirect shocks applied in one direction in static 
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systems, we came to the conclusion that, with respect to absence of equilibrium adjustment process in this kind of 
systems, the question of preservation or counterbalancing of a shock is irrelevant.  
In reference to the meaning of the term memory as used in Cross (1994), we called the memory type used in the 
context of indirect shocks with direction reversal applied in static systems the Cross-type memory and we identified 
and defined three cases which we referred to as non-erasable Cross-type memory, partially erasable Cross-type 
memory and completely erasable Cross-type memory, according to the (non-)identity of the path of the system before 
and after the un-shock. The third category covers the case of dynamic systems and we stated that the Cross-memory 
problem may find its analogy (however tricky, as we argue) in the (ir)reversibility problem. At this point, we made 
references to our previous paper which focused on this problem. We drew a conclusion that even though Cross-type 
memory typology may be applied to direct shocks with direction reversal in dynamic systems, the key criterion in 
question and meaning of the terms used is fundamentally different in both groups. While the key criterion in case of 
static systems is (non-)identity of the path before and after the un-shock, the key criterion in case of dynamic systems 
is the (non-)identity of the initial and final short-run and long-run equilibrium value of the output variable, respectively.  
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